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Abstract

Integer programming and constraint (logic) programming are two traditional techniques for solving combinatorial optimization problems; the former based on linear
programming relaxations and the latter on constraint propagation. Attempts to combine them have mainly focused on incorporating either technique into the framework
of the other  traditional models have been left intact. We argue that a rethinking
of our modeling traditions is necessary to achieve the greatest benet of such an integration. We propose a declarative modeling framework in which the structure of the
constraints indicates how LP and CP can interact to solve the problem.
1 Introduction
Linear programming (LP) and constraint propagation (CP) are two complementary techniques with potential for integration to benet the solution of combinatorial optimization
problems. Integer programming (IP) has been successfully applied to a range of problems,
such as capital budgeting, bin packing and traveling salesman problems. Constraint (logic)
programming (CLP) has in the last decade been shown to be a exible, ecient and commercially successful technique for scheduling, planning and allocation.

LP and CP tend

to be used separately in IP and CLP, respectively, and only recently have attempts been
made at combining them.
Several articles compare CLP and IP [7, 2].
illustrate some key properties of the techniques.

They report experimental results that
IP is very ecient for problems with

good relaxations, but it suers when the relaxation is weak or when its restricted modeling
framework results in big models. CLP, with its more expressive constraints, has smaller
models that are closer to the problem and behaves well for highly constrained problems,
but it lacks the global perspective of relaxations.

Some attempts have been made at integration.

In [6], CP and LP relaxations are

simultaneously used to prune domains and establish bounds. A systematic procedure is used
to create a shadow MIP model, from a CLP model with logical and symbolic constraints.
The modeler may annotate constraints to indicate which solver should handle them  CP,
LP or both.
Bockmayr and Kasper propose an interesting framework in [1] for combining CLP and
IP, in which several approaches of integration or synergy are possible.

They investigate

how symbolic constraints can be incorporated into IP much as cutting planes are. They
also show how a linear system of inequalities can be used in CLP by incorporating them as
symbolic constraints. They also discuss a closer integration where both linear inequalities
and domains appear in the same constraint store.

2 Characterization
Both CLP and IP rely on branching to enumerate regions of the search space. But within
this framework they use dual approaches to problem solving: inference and search. CLP
emphasizes inference in the form of constraint propagation, which removes infeasible values
from the variable domains. It is not a search method, i.e., an algorithm that examines a
series of complete labellings until it nds a solution. IP, by contrast, does exactly this. It
obtains complete labellings by solving linear programming relaxations of the problem in
the branching tree.
IP has the advantage that it can generate cutting planes (inequalities implied by the
constraint set) that strengthen the linear relaxation.

This can be a powerful technique

when the problem is amenable to polyhedral analysis. But IP has the disadvantage that
its constraints must be expressed as inequalities (or equations) involving integer-valued
variables.

Otherwise the linear programming relaxation is not available.

This places a

severe restriction on IP's modeling language.
CP can accelerate the search for a solution by




reducing variable domains (and in particular by proving infeasibility),
tightening the linear relaxation by adding bounds and cuts in addition to classical
cutting planes, and



eliminating search of symmetric solutions, which are often more easily excluded by
using symbolic constraints.

LP can enhance the solver by



nding feasible solutions early in the search by global reasoning, i.e., solution of an
LP relaxation,





similarly proving infeasibility earlier in the search,
similarly providing stronger bounds that accelerate the proof of optimality, and by
providing reasons for failure or a poor solution, so as to produce nogoods.

How can we model our problems so that propagation techniques can be applied in IP?
How can we make best use of LP in a CLP framework?

Even more importantly, what

framework is needed to truly unify the techniques?
The approaches taken so far for integration of CP and LP are (a) to use both models in
parallel, and (b) to try to incorporate one within the other. The more fundamental question
of whether a

new modeling framework should be used has not yet been explored in any

depth. The success of (a) depends on the strength of the links between the models and to
what degree the overhead of having two models can be avoided. Option (b) is limited in
what it can achieve. The high-level symbolic constraints of CLP cannot directly be applied
in an LP model, and, conversely, the vast research in the mathematical programming
community of cutting planes relies in most instances on 01 decision variables and a linear
relaxation.
We propose taking a step back to investigate how one can design a model to suit the
solvers rather than adjust the solvers to suit the traditional models.

3 Modeling for Hybrid Solvers
We begin with the framework of mixed logical/linear programming or MLLP [4, 5], in
which conditional constraints link the discrete and continuous elements of the problem.
The antecedents of the conditionals contain discrete variables, and the consequents contain
continuous variables. A model has the form,
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where y is a vector of discrete variables and x a vector of continuous variables. hi (y ) is a
constraint that contains only variables in y . A problem is solved by a search that branches
on the discrete variables. CP is applied to the discrete part to reduce the search and help
determine when partial assignments satisfy the antecedents. An LP solver is applied to the
continuous side to detect infeasibility and guide the search. A feasible solution is obtained
when the truth value of every antecedent is determined, and the LP solver nds an optimal
solution subject to the enforced inequalities. Computational tests reported in [4] suggest
that an MLLP framework not only has modeling advantages but can often permit more
rapid solution of the problem than traditional mixed integer programming solvers.
For example, consider the

Network Design Problem. The objective is to decide which

arcs of a network to use for ow so as to minimize cost. There is a xed cost Fij for using

X

an arc (i; j ), and a unit cost cij for ow on arc (i; j ).
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Here, xij is the ow placed on the arc (i; j ) and Mij is the arc capacity. Sj is the net supply
available at node j . A nice property of this model is that it can be given a relaxation that
not only is as strong as the traditional LP relaxation but is smaller and, because of its
network ow structure, can be solved much more rapidly [3].
Using the framework of [1], MLLP has two constraint stores.
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A classical nite domain (FD) constraint store contains domains, and the LP constraint
store contains linear inequalities. The non-primitive constraints can access and add to both
constraints stores. Since only domain constraints xi

2

Di exist in the FD store, integral-

ity constraints can remain therein as primitive constraints, and the continuous arithmetic
constraints are accessible from the LP constraint store. There are no continuous variables
in the FD store and no discrete variables in the LP store. The conditional constraints act
as the prime inference agents connecting the two stores, reading domains of the FD store
and adding inequalities to the LP store.

4 Conclusion
LP and CP have long been used separately, but they have the potential to be integrated as
complementary techniques in future optimization frameworks. But to do this fully and in
general, the modeling traditions of mathematical programming and constraint programming
also must be integrated.

We propose a unifying modeling and solution framework that

aims to do so; continuous and discrete constraints are naturally combined using conditional
constraints, allowing a clean separation and a natural link between constraints amenable
to CP and continuous inequalities eciently handled by LP.
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