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Abstract In hybrid solvers for combinatorial optimization, combining
Constraint (Logic) Programming (CLP) and Mixed Integer Program-
ming (MIP), it is important to have tight connections between the two
domains. We extend and generalize previous work on automatic lineariza-
tions and propagation of symbolic CLP constraints that cross the bound-
ary between CLP and MIP. We also present how reduced costs from the
linear programming relaxation can be used for domain reduction on the
CLP side. Computational results comparing our hybrid approach with
pure CLP and MIP on a con�guration problem show signi�cant speed-
ups.

1 Introduction

The topic of this paper can be seen as the merger of three lines of research in the
area of hybrid techniques of Constraint (Logic) Programming (CLP) and Mixed
Integer Programming (MIP).

Firstly, while studying a con�guration problem, we continue along the lines
of Rodo²ek, Wallace and Hajian [16] in providing automatic linearizations of
arithmetic and symbolic CLP constraints. The object of study here are terms
with variable subscripts in continuous constraints, i.e., a structure which in part
is modeled with the element constraint in CLP.

Secondly, we continue a line of research by Focacci, Lodi and Milano [5, 6,
7, 8], who have used the reduced costs of a separate assignment subproblem for
propagation in a CLP framework. We generalize this by showing how reduced-
cost based inference can be applied to constraints whose linearization is a part
of a larger linear programming relaxation.

Finally, we show how this �ts nicely into the modeling framework Mixed
Logical/Linear Programming (MLLP) and a hybrid CLP�MIP solver, which is
a part of our previous line of research [9, 10, 14, 15].

This paper is structured as follows. Section 2 introduces our application,
a class of con�guration problems, with CLP, MIP and hybrid MLLP models.
Sections 3 and 4 describe how the variable subscripts are linearized in MLLP.
Section 5 describes reduced costs and how they can be used for inference using
those linearizations. Finally, Section 6 gives computational results.



2 A Con�guration Problem

Many industrial products come in di�erent con�gurations, aiming to closely
satisfy the needs of individual customers. In one class of such problems there are
components, each one of a set of possible types, and the aim is to �nd a feasible
con�guration with a type and quantity for each component that optimizes some
criteria. Components supply or consume attributes/resources (such as weight,
cost or e�ect), and these resources are constrained or are a part of the objective.
In our problem all quantities are integral and in addition there are a set of logical
side-constraints, the con�guration constraints.

Given is a set of components C, possible component types Ti for component i,
and a set of attributes R. Variable ti is the type of component i, qi is the quantity
of component i and rk is the quantity of attribute/resource k. The weight/cost
per unit of attribute/resource k is denoted by ck, Rk is the minimum amount
of attribute/resource k used/produced and Ak;i;j de�nes how many units of
attribute/resource k are produced/consumed by each component i if it is of
type j. Let q = (qi)i2C and t = (ti)i2C . Then,

min
X
k2R

ckrk

s.t. rk =
X
i2C

�
qi �Ak;i;ti

�
; 8k 2 R; (1)

hl(q; t); 8l 2 L; (2)

rk � Rk; 8k 2 R; (3)

ti 2 Ti; qi 2 Z+; 8i 2 C:

Note that the resource consumption �lookup� is handled in (1) through a variable
subscript on A, i.e., Ak;i;ti where the variable ti is the type of component i. This
term is the core of the problem, and is, as we shall see, modeled di�erently
in CLP and IP. Equation (2) states the set of con�guration constraints, e.g.,
q1 > 0) q2 = 0 or alldiff(t1; : : : ; tn).

2.1 A CLP Model

In CLP the con�guration problem is modeled with variable subscripts (element
constraints) in the following way (assuming that Ti = f1; : : : ; nig):

min cr

s.t. rk =
X
i2C

qiaki; 8k 2 R; (4)

element(ti; [Aki1; : : : ; Akini ]; aki); 8i 2 C; k 2 R; (5)

rk � Rk; 8k 2 R; (6)

t1 = 1) t2 2 f1; 2g; (7)

q1 > 0) q2 = 0; (8)

ti 2 Ti; qi 2 Z+; aki 2 Q; 8i 2 C; k 2 R:



where aki is the consumption of resource k by component i, and the other vari-
ables and constants as before. Constraint (7)�(8) are two examples of a logical
side-constraints. Note that (4) is non-linear and that there are jCj�jRj element
constraints.

2.2 A MIP Model

In a MIP model, the lack of variable subscripts and the linear requirement means
that the component types ti have to be replaced with 0�1 variables tij , where
tij is 1 if component i has type j, 0 otherwise. Similarly, the quantity of the i-th
component, qi, is disaggregated into qij for types j 2 Ti (constraints (11)�(12)):

min cr

s.t. rk =
X
i2C

X
j2Ti

qijAkij ; 8k 2 R; (9)

X
j2Ti

tij = 1; 8i 2 C; (10)

qij �Mtij ; 8i 2 C; j 2 Ti; (11)

qi =
X
j2Ti

qij ; 8i 2 C; (12)

rk � Rk; 8k 2 R; (13)

t21 + t22 � t11; (14)

b � q1 �Mb; q2 �M(1� b); (15)

tij 2 f0; 1g; qi; qij 2 Z+; b 2 f0; 1g; 8i 2 C; j 2 Ti:

Equations (14)�(15) in this model formulate the con�guration constraints from
before.

2.3 An MLLP Model

The MLLP model is similar to the CLP model, although the underlying solution
strategy employs LP relaxations in conjunction with the constraint propagation:

min cr

s.t. rk =
X
i2C

qiAkiti ; 8k 2 R; (16)

rk � Rk; 8k 2 R; (17)

t1 2 f1g ) t2 2 f1; 2g; (18)

b 2 f0g ) q1 = 0; b 2 f1g ) (q1 � 1; q2 = 0); (19)

ti 2 Ti; qi 2 Z+; b 2 f0; 1g; 8i 2 C:

Note that the cost �lookup� is handled through a variable subscript on A, i.e.,
by Akiti where the variable ti is the type of component i. The next two sections
describe the linear relaxations used for these variable subscripts, and how the
relaxations link the discrete and continuous parts of the MLLP model.



3 Linear Relaxation of cy

The term qi �Ak;i;ti is the core of the con�guration problem. We will, however,
begin with a simpler linearization, of a single subscripted constant cy. This would
be the term which would occur in the MLLP model if it was limited to unit
quantities, i.e., if qi � 1, and is equivalent to the traditional element constraint
in CLP. A subscripted constant, cy, occurring alone in a term is compiled as in
the following example:

2x+ cy � 18;
c 2 f1:0; 4:5; 6:1g;

()
2x+ z � 18;
element(y; [1:0; 4:5; 6:1]; z):

Bounds-consistency on the element constraint involves producing increasingly
tighter bounds on z as the domain Dy of y is reduced. A straight-forward lin-
earization of this constraint is identical to how this structure is modeled in MIP,
i.e., we introduce decision variables b1; : : : ; bk for Dy = f1; : : : ; kg, where bi is 1
if y = i and 0 otherwise, and add

0 � bi � 1; 8i; (20)

element(y; [c1; : : : ; ck]; z) () b1 + � � �+ bk = 1; (21)

z = c1b1 + � � �+ ckbk: (22)

to the LP. This linear relaxation is no stronger than bounds-consistency on the
element constraint (actually equivalent to it). Thus there is little incentive to
use this relaxation unless these linear constraints connect in a bene�cial way to
some other linear constraints, or useful information (dual values, reduced costs,
etc.) can be derived and used by including them.

4 Linear Relaxation of cyx

We now turn our attention back to the basic structure (1) of the con�guration
problem. The term cyx is a subscripted constant multiplied by a continuous
variable. In the con�guration problem it denotes the cost of buying x units of type
y at cost cy each. In MLLP this structure is replaced by a continuous variable z
when the model is compiled and the constraint element(y; [c1; : : : ; ck]� x; z) is
introduced into the problem. For example

2x+ cyx � 18;
c 2 f1:0; 4:5; 6:1g;

()
2x+ z � 18;
element(y; [1:0; 4:5; 6:1]� x; z):

When propagating this variant of the element constraint upon a change of Dy,
the domain of y, cuts of the form

cminx � z and cmaxx � z (23)

are updated, where cmin = minfci : i 2 Dyg and cmax = maxfci : i 2 Dyg.



This is compact, but a stronger relaxation of element(y; [c1; : : : ; ck] � x; z)
is achieved by disaggregating x into bins xi, and linking to the corresponding
decision variable z:

0 � bi � 1; 8i; (24)

b1 + � � �+ bk = 1; (25)

x = x1 + � � �+ xk; (26)

z = c1x1 + � � �+ ckxk ; (27)

xi � 0; 8i; (28)

xi �Mbi; 8i: (29)

Equations (24)�(25) are the same as for cy above, but in addition, x is disag-
gregated to x1; : : : ; xk, and connected through the big-M constraints (29) to
b1; : : : ; bk. Intuitively, this relaxation is stronger than bounds-consistency sim-
ply because all the coe�cients are weighed into the LP relaxation. As we shall
see, this makes a big di�erence in computational e�ciency.

This formulation is not the smallest convex hull relaxation possible. The pur-
pose of the variables b1; : : : ; bk and the big-M constraints (29) is only to ensure
that at most one of x1; : : : ; xk is non-zero. This is unnecessary in our framework
since this is implicitly enforced by the connection to y. As an alternative to this
intuitive explanation, consider deriving the convex hull formulation of this con-
straint from the general disjunctive formulation [1]. The disjunction equivalent
of element(y, [c1; : : : ; ck]�x, z) is

_
i2Dy

�
� z + cix = 0

�
; (30)

and the general disjunctive formulation a) applied to (30) gives b) since � = 0,
which then simpli�es to c), which are equations (26)�(27) above.

_
aix � �;

m

x =
X
i

xi;

aixi � �bi; 8i;X
i

bi = 1:

(z; x) =
X
i

(zi; xi);

� zi + cixi � 0; 8i;

zi � cixi � 0; 8i;X
i

bi = 1:

z =
X
i

cixi;

x =
X
i

xi:

a) b) c)

Thus, we can dispose of (24), (25) and (29), given that upon domain reduction
i 62 Dy of y, we enforce xi = 0. This is similar to the modeling and branching
with Special Ordered Sets (SOS) of type 1 in MIP.

This tight relaxation, which computational tests (Sec. 6) show is an invaluable
tool, links the discrete and continuous parts of the MLLP model (Sec. 2.3),
The continuous (linear) part includes the resource constraints (16), with qiAkiti

linearized as detailed above.1 Figure 1 illustrates the e�ect of this. The quantities

1 Unify qi with x, ti with y and Akiti
with c, to map between model and linearization.



y

LP

xcQuantity
Variables qi

Disaggregated
Quantity
Variables

qij

TypeVariables t

Configuration
Constraints

Resource
Constraints

CLP

i

Figure 1. The build-up of the MLLP model

are present in both the CLP and LP parts, although in di�erent forms. CLP
has qi, whereas the linearization introduces the qij variables into the LP. The
component types are only present in the CLP part, because as proven above,
they add nothing to the relaxation and are therefore not included.

5 Reduced costs

Using reduced costs for inference in optimization methods is standard prac-
tice in OR and is available in several MIP solvers, e.g., CPLEX [11] and X-
PRESS MP [4]. We will only give a brief description of reduced costs here, for
more details see [3, 12]. In a basic solution to the Linear Program (LP),

min z = cx

s.t. Ax = b; x � 0;

the variables are partitioned into basic and non-basic variables [3], call them xB
and xN , respectively. If we partition the constraint matrix A = [B N ] and the
objective function c = [cB cN ] in the same manner, we can write the problem
above as

min z = cBxB + cNxN

s.t. BxB +NxN = b; (31)

xB ; xN � 0:

The solution to equation (31) is xB = B�1b � B�1NxN . In a basic solution,
xN will be 0 and therefore xB = B�1b. We note that the value of the objective
function will then be

z = cBxB + cNxN = cB(B
�1b�B�1NxN ) + cNxN

=cBB
�1b+ (cN �B�1N)| {z }

�c

xN = cBB
�1b:

The reduced costs, �c, are de�ned for the non-basic variables xN = fxi1 ; : : : ; xikg
(which are all zero in the basic solution). The reduced cost �cij then corresponds



to the cost per unit increase to the objective function value if xij would take
on a non-zero value. The basic solution is an optimal basic solution if all the
reduced costs are non-negative, indicating that there is no bene�t in having any
of the non-basic variables taking on non-zero values.

A process called reduced cost �xing [18] uses the reduced costs of relaxed
0�1 variables in MIP problems, obtained from the optimal linear programming
relaxation solution �x, to potentially �x variables to zero without having to branch
on them. This can be done for a non-basic variable xij if c�x+ �cij > cx�, i.e., if
the current objective value plus the reduced cost �cij of the variable xij exceeds
the objective value of the incumbent solution x�, the best solution found so far
in the branch-and-bound search. This generalizes to variables at their lower or

upper bound, and to general integer variables.

5.1 Reduced-Cost Based Propagation in CLP

Recently, Focacci et. al. [8, 5, 7] have adapted variable �xing to a CLP framework
and used it successfully for the domain pruning of the alldiff constraint and
the path constraint in ILOG Solver. This is done by shadowing these global con-
straints with a linear formulation of the assignment problem [18] and solving it
to optimality while computing the corresponding reduced costs. This is done in-
crementally using the Hungarian algorithm, but it could also be done with linear
programming. In the assignment problem, the variable xij = 1 corresponds to
xi = j in alldiff(x1; : : : ; xk). As before, if c�x+�cij > cx� for a non-basic variable
xij and incumbent solution x�, then xi 6= j. This rule is used within a standard
�x-point propagation loop and can thus interact and communicate with other
constraints. From a CLP perspective, this is a new way of e�ectively using the
objective function for domain reduction in speci�c global constraints/structures.
On the other hand, from an OR point-of-view, reduced-cost �xing is given added
value through its integration with other inference algorithms.

Note that the assignment problem is completely separate there from the rest
of the model; it is only used in the propagation loop. The assignment problem is
also totally unimodular [12], which means that the optimal solution to the linear
relaxation will always be integral. This will not be the case for general hybrid
CLP�MIP models, but the reduced costs will still be well-de�ned for non-basic
variables.

5.2 Reduced-Cost Based Propagation in MLLP

In a hybrid CLP�MIP solver, such as MLLP, where the inference of CLP is com-
bined with a linear relaxation, we can also use reduced-cost based propagation,
given that our constraints are linearized. The reduced cost propagation then be-
comes a part of the regular �xed-point propagation loop, which all the discrete
and mixed constraints of MLLP are a part of.

Again we start with the simple subscripted constant, cy (Sec. 3). Assume the
current optimal LP solution is �x, with reduced costs �c1; : : : ; �ck for the decision
variables b1; : : : ; bk, and x

� is the incumbent MLLP solution. Then the following



rule de�nes reduced-cost based domain reduction for the element constraint
(assume minimization), if linearized by (20)�(22):

do 8i 2 Dy

if c�x+ �ci � cx� then Dy = Dy � fig

This domain pruning is equivalent to standard constraint propagation, i.e., valid
in this subproblem and all its extensions (this node and below in the search tree).
As we noted earlier, remember that the linearization of cy is no stronger than
simple bounds-consistency, but that it allows us to do this reduced-cost based
propagation, which may be bene�cial in some cases.

Returning to our con�guration problem, a similar reduced-cost based propa-
gation rule for the term cyx (Sec. 4) can be used on the linearization of (26)�(28).

do 8i 2 Dy

if c�x+ �di � cx� then Dy = Dy � fig
do 8i 2 Dy

x � b(cx� � c�x)= �dic

where �d1; : : : ; �dk are the reduced costs for x1; : : : ; xk, respectively. The last line
bounds the quantity variable; the standard variable �xing in MIP, which is also
applicable in MLLP.

6 Computational Testing

The �rst interesting object of study is to compare how CLP, MIP and MLLP
perform on this problem. Figure 2 shows average number of nodes and average
time required to solve to proven optimality instances of di�erent sizes (note
the logarithmic scale). The �rst, easily solved, class is a set of seven instances
with real-world data; the following classes have ten instances each, with data
generated to closely resemble the original instances.

For size '16x20' (16 components, 20 types), CPLEX solves 8 of the 10 in-
stances to proven optimality within 100 000 nodes, at which point the search is
aborted. For size '20x24' it only solves 4 of the 10 instances and for size '26x30'
it only solves 3 of the 10 instances. SICStus Prolog [2] solves 6 instances of size
'16x20' to proven optimality within 500s (50 000�100000 nodes), 7 instances of
size '20x24' on and no '26x30' instances. MLLP solves all instances of all sizes,
a magnitude or more faster. It should be emphasized that MLLP uses the relax-
ation of cyx described in Sec. 4, without which MLLP performs much worse.

The second method we want to study is the reduced-cost based propagation.
It has been shown to be clearly bene�cial in a CLP context [5, 7, 8], where it adds
optimization oriented domain reduction, but is it equally e�ective in a framework
like MLLP that is already focusing the search around the relaxation optimum?
Figure 3 shows the e�ect on the number of nodes and the time required to solve
to proven optimality. The reduction in nodes is signi�cant, around 10-50% is
saved (higher percentage as the problems grow larger), and the overhead is not
considerable so the CPU time saved is almost as much.
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Figure 2. MLLP vs. MIP vs. CLP on a con�guration problem
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Figure 3. The impact of reduced-cost propagation, with RCP vs. without RCP

7 Conclusion

In this paper, we presented and compared CLP, MIP and hybrid MLLP models
for a con�guration problem. For the hybrid MLLP model, we showed how a con-
tinuous variant of the element constraint, which is central to the problem, can
be linearized and how the reduced costs from the LP relaxation can be used for
domain pruning. Computational results were included, comparing di�erent mod-
els and techniques on a set of real-world instances. The results showed that the
linear relaxation introduced is an invaluable tool and that the reduced cost prop-
agation also contributes to an e�cient solution. The hybrid MLLP approach was
shown to out-perform both pure CLP and MIP, and was able to solve instances
larger than the other two methods could handle.
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